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Abstract—A finite element method scheme for solving the boundary value problem of collective nuclear
models is presented. Its efficiency is demonstrated on calculations of rotational-vibrational spectra and elec-
trical quadrupole transitions  for the isotopes 154Gd and 238U with tabularly specified coefficients of the
boundary value problem, including one-well and double-well potential energy surfaces, respectively, calcu-
lated from the relativistic mean-field model.
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INTRODUCTION
Discretization of boundary value problems (BVPs)

describing models of atomic nuclei is traditionally per-
formed using the Galerkin type method (GTM),
which involves expansion of the desired solution in a
basis of functions with suitable variational parameters
[1–5]. To solve the two-dimensional boundary value
problem (TDBVP) of quadrupole models with one-
well or two-well of potential energy, bases with one or
two variational parameters are used. However, for the
six-dimensional boundary value problem of quadru-
pole-octupole models with several-well potential,
composite bases with several variational parameters
are already used; the relevant algebraic problems
involve completely filled matrices of order  with
tabularly specified elements, which leads to significant
computer resource costs [4].

An alternative method of discretizing a TDBVP by
means of the finite element method (FEM) with sym-
metric band matrices of stiffness and mass, which pro-
vides an economy of computer resources, was pro-
posed in [6–11]. Generalization of the computational
scheme and its implementation in the form of program

available to users is an urgent task. This computational
scheme has been implemented as the program
2DFEM [10, 11] in the Wolfram Mathematica [12].
The efficiency and stability of the 2DFEM program
are demonstrated by calculating the spectrum and
eigenfunctions of the geometric collective model of
atomic nuclei 186, 188, 190Os [10, 13], where the coeffi-
cients of the TDBVP are calculated in analytical form.

In this paper, we present the results obtained with
the 2DFEM program for the quadrupole model with
one-well and two-well of the tabulated potential
energy surfaces, as well as the calculated spectra and
eigenfunctions for atomic nuclei 154Gd and 238U in
parametrization PC-F1 and PC-PK1 of the relativis-
tic mean-field (RMF) model [14, 15], respectively.

TDBVP FOR FIVE-DIMENSIONAL 
QUADRUPOLE HAMILTONIAN

The eigenfunction  of the five-
dimensional quadrupole Hamiltonian (FDQH) in the
representation of the angular momentum I and its pro-
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jections K and M on the third axes of the intrinsic and
laboratory frames can be written as [16]

(1)

where  runs over  for even  and
 for odd , asterisk * denotes a complex

conjugate,

(2)

and  are the Wigner -functions [17],
 are three Euler angles, which define the

orientation of the intrinsic principal axes in the labo-
ratory frame, and  is a positive spatial parity for
the quadrupole model under consideration.

After averaging the Schrödinger equation of the

FDQH over the basis functions  using well-
known properties of the operator of rotational energy
[16], we obtained the two-dimensional BVP for a sys-
tem of  or  equations for even or odd ,
respectively:

(3)

where

Here  is the Planck constant,  is the
potential energy, and  is the vibra-
tional kinetic energy defined by the relations:

(4)

The quantity  is a square root of the
determinant of the two-dimensional matrix of vibra-
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tional function coefficients (i.e., the vibrational part of
the inertia tensor), , ,

 and , where
, , 2, 3 are the rotational function

coefficients. The moments of inertia  of
the intrinsic frame are denoted as

(5)

The components  are subject to Neu-
mann or Dirichlet boundary conditions at the bound-
ary  of the domain  [7], and
the orhtogonality and normalization conditions

(6)

For subsequent calculations, internal variables
 connected with collective variables

 were used. The coeffi-

cients ,  (in /MeV) and  (in
MeV) of the BVP (3)–(6) were calculated in the mul-
tidimensionally-constrained RMF with different
parameterizations of energy density functional [18].

CALCULATIONS OF 154Gd ISOTOPE 
IN PC-F1 RMF MODEL

The coefficients ,  and  in
PC-F1 RMF model [14] were calculated on the nodes
of rectangular domain  
with steps  and , and they are
interpolated on the Gaussian nodes using the
Lagrange interpolation polynomial of degree 3. Note
that the moments of inertia  were calculated
according to the Inglis–Belyaev formula [14]. There-
fore, in the 2DFEM calculations used the values

, as was accepted in [14] and explained
in [2, 3, 5, 19, 20]. For 154Gd isotope, paremeter α was
taken as 0.45.

The the 2DFEM calculations were carried out on
the grid chosen above with an absolute accuracy of the
eigenenergy  not worse than 0.02 MeV. An agree-
ment of calculations up to three or two significant dig-
its is seen due to using a twice condensed FEM grid of
rectangular domain .

Figure 1 shows a lower part of the energy spectrum
 of 154Gd corresponding to specification of

rotational-vibrational bands [21]: A, B, and E are the
ground state, 1st (β-vibrational) and 2nd excited
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Fig. 1. The lower part of the energy spectrum of Gd. For
each state energy  of the rotational-vibrational bands A,
B, C, E, G, and I, short bars correspond to the calculated
(left) and experiment (right).  is values of nuclear spin
and  in number of state at fixed values of  and spatial
parity .
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 bands; C and G are the γ- and βγ-vibrational
 bands; I is the  band. Correspon-

dence between the notation A, B, E, C, G, I of bands
in diagonal approximation of the rotational coupling,
the values of nuclear spin  and its leading projection

 on the third axis in the intrinsic frame, and the
number  of calculated states with energy  was
done in Table 3 of [11].

Figure 2 shows the lower part of the 154Gd spectrum
for A, B, E, C, G, and I bands vs. nuclear spin I. One
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Fig. 3. Calculated intraband and interband 
and C rotational-vibrational bands expressed in Weisskopf units
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values , which were revealed as a result of
our calculations of BVP (3)–(6). Note solving the BVP in
diagonal approximation gives exact crossings of energy
levels in the corresponding points [11]. Figure 3 displays
intraband and interband  elec-
trical quadrupole transition probabilities [10] between
A, B and C bands in Weisskopf units (W.u.). The val-
ues of  and  was specified in Table 4 of [11]. In the
vicinity of the quasicrossing point at , the values
of interband electrical quadrupole transitions between
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Fig. 4. 2D FEM grid used in the calculations by 2DFEM

program of the energy levels  in 238U.
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parison with small values (  W.u.) beyond the vicin-
ity. However, the intraband electrical quadrupole
transitions in the B and C bands in the vicinity of the
quasicrossing point are approximately two times
smaller than beyond the vicinity.

CALCULATIONS OF 238U ISOTOPE 
IN PC-PK1 RMF MODEL

The nodes of the non-rectangular, non-uniform

grid in which the coefficients ,  and

 were calculated in the PC-PK1 RMF model
[15] are shown in Fig. 4. Note that, in the PC-PK1
RMF [15] model the second well depth

, is lower than the main well

depth . This contradicts the discus-
sion in [2] (see Fig. 5). Therefore, we used the poten-

tial  with factor

(7)

The parameters ,  and  are chosen as follows:

 near the main minimum energy  MeV,

, and  near the maximum of

. As a result, the second well depth is
reduced to the main well depth. Comparison of

 and  is shown in Fig. 5.

As discussed above, in the 2DFEM calculations,

used the values . For 238U isotope, α
was taken as  [3].

Figure 6 shows the calculated energy levels  in
the g.s.-, β-, γ-, and additional SD g.s.- and SD β-

bands at normal and superdeformed shapes in 238U in
comparison with calculated and experimental values
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 β-bands at normal and superdeformed shapes. Three short bars

alculated (middle) and experimental values (right) from [3].
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from [3]. Selective agreement with experimental data
is due to restrictions inherent in the RMF model
quadrupole parametrization [14, 15].

CONCLUSIONS

To solve elliptic multidimensional BVPs, the high-

precision FEM schemes using Hermite interpolation

polynomials on parallelepipeds are elaborated and

applied to solve the BVPs arising in the collective

models of atomic nuclei. The calculations of the quad-

rupole spectrum  of 154Gd isotope and electric

interband and intraband  electrical quadrupole

transitions revealed an issue of quasicrossing of energy

levels belonging to different bands at some values of

the nucleus spin. Calculations for 238U were done

using the double-well PES. The developed approach

and 2DFEM programs provide a base for adapting

multidimensional FEM programs to solving the BVPS

of the rotational-vibrational spectrum of the quadru-

pole-octupole six-dimensional collective models of

atomic nuclei.
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