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Abstract—The quasi-elastic collision of an electron with a hydrogen atom at high momentum transfer is con-
sidered. Account of the nucleus motion after a kick with a few keV electron leads to unexpected effects in
shapes of the double differential cross sections, calculated with the first and second Born approximations
(SBA). We discuss the way of numerical calculations of singular SBA integrals with use of the closure approx-
imation.
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INTRODUCTION
We consider the quasi-elastic collisions

 of a few keV electrons with atom,
especially hydrogen, at large momentum transfer.
Elastic and quasi-elastic reactions are well studied, but
recently they have attracted an interest of scientists
again due to their application as a spectroscopic tech-
nique to directly observe atomic motion in matter.
This technique called atomic momentum spectros-
copy (AMS) [1, 2] involves elastic and quasi-elastic
electron scattering under high-momentum-transfer
conditions. Here the plane wave impulse approxima-
tion (PWIA) [3] is the key to directly relate the exper-
imental response to the atomic motion. The AMS is
very close to the Rutherford backscattering in nuclear
physics.

Within the PWIA, the AMS reaction is described as
a billiard-ball-type collision of an incident electron
with a constituting nucleus in an atom or molecule.
Here the instantaneous motion of the target nucleus,
before collision, causes Doppler broadening of the
energy of the scattered electrons in the electron energy
loss spectrum, with the band peak position being
uniquely related to the mass of the target nucleus. The
potential ability of AMS to map intramolecular
motion of each atom with different masses in a mole-
cule has recently been embodied through a series of
both experimental and theoretical attempts [2, 4, 5].

In other words, the PWIA has proven its validity in
describing the AMS elastic electron backscattering.

Under the above-mentioned circumstances, AMS
has started to expand the reach of electron backscat-
tering to inelastic collisions or electron excitation pro-
cesses, with an experiment on He at an incident elec-
tron energy of 2 keV and at a scattering angle of 135°.
However, it has been found that the PWIA fails
entirely in predicting relative magnitudes of double
differential cross sections (DDCS) for the 
and  electron excitation processes to that for
the  elastic collision. Clearly, advanced theo-
retical studies that consider higher order terms in the
plane-wave Born series model are awaited. It is a moti-
vation for present studies.

The atomic system of units is used in the paper:
. In these units, the speed of light is

.

THEORY. GENERAL FORMULAS

We introduce the relative Jacobi coordinates
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The corresponding relative momenta

(2)

Here the nucleus (proton) mass  a.u., 
the nucleus coordinate,  the projectile electron coor-
dinate, the  the bound electron coordinate. The vec-
tor  is canonically conjugated to , and the vector 
is canonically conjugated to .

The Schrödinger equation takes the following form
in new coordinates

(3)

The total mass here , the reduced
masses are

We can write now

and get

(4)

The l.h.s. of (4) contains the free Hamiltonian of
the (eH) system, while the r.h.s. part includes interac-
tion and can be used like a perturbation.

Let now  be the projectile electron momentum,
 be the final electron momentum,  be the initial

atom momentum, which we later set to , and  be
the final atom momentum.  is
the momentum conservation. We denote the relative
momentum of the projectile electron to the whole
atom as
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The same for the final momenta, i → f.
These definitions give us the following approxima-

tions because of the huge nucleus mass 

These approximations we use below.
The problem of shift in the loss spectrum can be

solved within the energy and momentum conservation:

(5)

Now we set  (atom does not move initially).
In this case  is the transferred
momentum. By definition

(6)

(7)
and get

(8)

where θ is a scattering angle.
We can approximately calculate from the energy

conservation for big momenta

So we have from (8)

(9)

We denote  the kinetic energy of the
initial (final) electron.

THEORY. CROSS SECTIONS
The initial and final asymptotic wave functions are

(10)

where . We neglect the exchange process
due to a very high energy of the projectile electron.
The amplitude of quasi-elastic reaction takes the form
from (4)

(11)
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Nm

+ ≈ ∼
≈ ≈r fr f

1(2) , 0,
, .

N N N

i i

m m mP
k k k k

= + + ε = + + ε
2 2 2 2

f f
f .2 2 2 2

i i
i

N N

k K k KE
m m

= 0iK
= − =f fiK k k Q

= − = − ε + ε
2 2 2

f
loss f ,2 2 2

i
i

N

k k QE
m

−ε + ε = Δε >f f 0,i i

+ − θ= Δε +
2 2
f f

loss f
2 cos ,

2
i i

i
N

k k k kE
m

≈ − Δε ≈ − Δε ≈2
f f f1 2 .i i i i i i ik k k k k k

≈ Δε + − θloss f
2 (1 cos ).i

i
N

EE
m

= 2
(f ) (f ) 2i iE k

⋅

⋅

Ψ ϕ
Ψ ϕ

ı

ı

1

f 1

r 1 2 1 2

f fr 1 2 f 2

( , , ) = ( ),

( , , ) = ( ),

i
i i se

e

k

k

k

k

ρ

ρ

ρ ρ ρ

ρ ρ ρ

= 1 , 2 , 2f s s p

 ϕ ϕ 

Ψ − + Ψ
+ −

f f f 1

f r fr r
1 2 1 2

, ,

1 1= ( , ) ( ) .

i i s

i i i i
N

T

m

k k

k k k
ρ ρ ρ ρ

Ψ → Ψf r fr f fr( , ) ( ) .i ik k k
6  2025



1402 CHULUUNBAATAR et al.

Fig. 1. Ratio  versus the transferred momentum . Black curve:  a.u., red curve: .
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In a result we obtain

(12)

This integral is calculated analytically using basic
matrix elements

(13)

The DDCS (double differential cross section) is
given
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also have the analytical forms

(15a)

(15b)

(15c)

We remind, that ,
. We also note that

, and so .

The ratio  is presented in
Fig. 1 It is easy to see the considerable difference of

 for finite and infinite nucleus mass at .
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Fig. 2. Ratio  (Eq. (20)) versus the transferred momentum . Red curve , blue curve .

The value  for  a.u. (black curve) is presented for comparison.
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The Lippmann–Schwinger (LS) equation for the
amplitude follows from Eq. (11)
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Note that  and . The sum-
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Born approximation (SBA) follows from (16) that
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The “closure approximation” means the replace-
ment in the denominator of (17) . In
this case

and we have from (17)

(19)

The FBA + closure SBA cross section takes
the form
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Here again .
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Fig. 3. Absolute values of the DDCS (in atomic units) versus the transferred momentum  are presented. Definitions of the
curves are on the panel.
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at .

In Fig. 3 the absolute values of the DDCS are pre-
sented. We see that only for the elastic DDCS all
curves coincide, and SBA contribution is small for all

. SBA curves are disposed higher than any FBA
ones, but difference for  final state (blue solid curve)
decreases for big . We also would like to note, that
comparing red curves in Figs. 1 (FBA, ) and 2
(SBA), we see difference about 100 times at

a.u. The alike result experimenters observe for
a He atom.

THEORY. DETAILS OF CALCULATIONS

For calculation of the singular integral (19) we use
a number of useful basic analytical formulas, which we
simply enumerate below
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These formulas are taken from the famous hand-

books [6, 7]. Some examples of calculation of such
integrals one can find in [8].

Below we consider like a sample some details of
calculations one of the SBA integrals (19) for the tran-
sition  which includes the spherical function.
Its general form looks like
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Here we applied the Eqs. (21a) and (21b). The val-
ues  are linear combinations of the integration
variables , which appear after application of the
Laplace transformation (21a):

We remark that vector  is collinear to vector ,
i.e., . Also it is easy to show that

In the next step we change variables ,
,  and define new variables
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Finally we obtain rather simple non-singular 2D
integral for numerical calculation.

CONCLUSIONS
In this work, we obtain double differential cross

sections for elastic and quasi-elastic scattering reac-
tions of a 2 keV electron on a hydrogen atom in a wide
range of transferred momenta. The  states
are chosen as final states. This study was conducted to
understand similar reactions with heavier atoms,
where experimental data are already available.

The point is that such energetic electrons are scat-
tered at large angles only due to collisions with the
nucleus, thereby setting it in motion. And this affects
the angular dependence of the cross sections. Calcula-
tions show that in the first Born approximation, the
excitation cross section to the  state gives a sharp
zero at transferred momenta , which vanishes
Eq. (15b).

Calculations in the second Born approximation
give much smoother cross sections, significantly
exceeding the cross sections in the first Born approxi-
mation at large transferred momenta, which corre-
sponds to the experiment on the helium atom.
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